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ABSTRACT
Continuing the thrust of our recent work, but with an important new idea, we find
a cut-off regularization of the determinant of a scalar particle in a classical Euclidean
gravitational field. The field is assumed asymptotically flat, and the regularization is
diffeomorphism-invariant under coordinate changes that are the identity at infinity. The
scalar field is expanded in term of variables that depend on the gravitational field, with
wavelet localization of each variable. A renormalization group structure is thus automat-
ically present. A similar construction is carried out for the determinant of a scalar field
in a background Yang-Mills field.
2
1 Introduction.
We hope this paper will be the first step towards a new formulation of quantum
gravity!
In [1] a Euclidean version of the Yang-Mills field theory was studied. The field was
expressed non-linearly in terms of the basic variables. Wavelets were used in the definition
of these variables. A nice presentation of the use of wavelets for simple field theories (such
as φ4 theory in two and three dimensions) may be found in [2]. The goal of [1] and the
present paper is to extend the ideas of [2] to theories with gauge symmetries, such as
Yang-Mills theory and gravity. It is not necessary to read [1] or [2] to understand the
present paper, it is self-contained. But a consideration of [1] and [2] will suggest to
the reader how the present work might be extended to a treatment of quantum gravity;
in the present paper the gravitational field is a classical background field. Traditional
treatments of the scalar field determinant herein studied may be found in [3]. We hope
the relationship to the traditional treatments will be further clarified in the future.
There is just one new idea in this paper beyond those exposed in [1]. It is the use
of scattering operators to define the variables (as introduced in Subsection 2.3). But
this idea is enough to allow us to treat the diffeomorphism groups much the same as we
previously treated the Yang-Mills gauge group. In [1] each excitation was associated to
a point to which it was it was “grounded”. But the diffeomorphism group moves points
around so that the same idea would be hard to extend to gravity. The use of scattering
operators avoids selection of a point for each excitation. We apply this new idea to
calculate the determinant of a scalar particle in a background field, Yang-Mills in Section
3, and gravity in Section 2. The program to extend the present work to treat quantum
gravity will be certainly very complex, but the treatment of the Yang-Mills theory in [1]
provides a rather detailed road map.
In the present work one derives our final formulae ((2.62) and (3.9)) by a number
of formal developments. In (2.62) and (3.9) the matrix elements that appear are each
diffeomorphism-invariant, gauge-invariant, respectively. The cut-off theories are defined
3
by limiting the set of wavelets in the indexing of (2.62) and (3.9). Restricted to a finite
set of wavelets (2.62) and (3.9) are mathematically well-defined invariant expressions.
The final task not here undertaken is to make sense of (2.62) and (3.9) in the limit
that all wavelet indices are included (the cut-offs are removed). We have presented a
well-defined, invariant, cut-off theory. Using wavelets means the cut-off theory is not
euclidean-invariant, this invariance must be recovered in the limit. We sacrificed this for
gauge invariance in the cut-off theory.
We close with a number of tentative insights that will guide our future work.
1) The treatment of the Yang-Mills theory in this paper using scattering operators,
compared to the study in [1] using a gauge transformation to a radial axial gauge,
is not as powerful. We feel for the Yang-Mills case the techniques in [1] are better.
2) The variables defined by using scattering operators are not as well localized as using
the techniques in [1], there are infra-red, or long distance effects. This is why we
prefer the methods of [1] for the Yang-Mills case. These infra-red problems seem
basic in gravity, and we only hope we will learn how to control them. But we do not
know at present whether variables constructed as in the present work for quantum
gravity are localized enough to generate a meaningful perturbation theory. The
infra-red problems have their root in the denominators of the scattering operators
(see (2.20), (2.21)). A possible infra-red cut-off procedure may be outlined as
follows:
a) Set the space to be flat outside some bounded region.
b) Require the diffeomorphisms to be the identity in this region.
c) For expansion functions supported in this flat region (one will have to slightly
modify the expansion functions to keep them from spilling into the nonflat
region, making them of compact support) let Ω, the scattering operator, acting
on them be the identity.
Further ideas are required to fully deal with the infra-red problem.
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3) We do not know if Euclidean gravity makes sense physically. But it would be much
more difficult to work in Minkowski space.
4) The most feared problem with quantum gravity is its nonrenormalizability. We
wish to study whether any progress may be made with this difficulty by letting the
coupling constant run as a power
1
G(k)
∼
=
1
G0(k)
+ ck2 + . . . . (1.1)
This has formally somewhat the same effect as working with a higher derivative
gravity theory. We would like to see if there are any other possibilities here than
the usual higher derivative gravity theories (that have undesired spectral properties,
ghosts in scattering amplitudes).
5) The final formulas for determinants, equations (2.62) and (3.9), may both be easily
reexpressed in terms of S matrix elements (for scattering in 4 + 1 dimensions).
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2 Scalar Particle in Gravitational Field.
2.1. Preliminary Definitions.
We work in a four-dimensional Euclidean space (but nothing we do depends crucially
on the dimension) where the metric is asymptotically flat.
gµν(x) −→ δµν as x goes to infinity. (2.1)
φ(x) is a real scalar field, whose Lagrangian is
L = 1
2
g1/2gµνφ,µφ,ν +
1
2
m2g1/2φ2. (2.2)
The action is given as
S =
∫
Ld4x. (2.3)
The field equation is then
−∆φ+m2φ = 0 (2.4)
where
∆ = g−
1
2∂µ
(
g1/2gµν∂ν
)
. (2.5)
The action may also be written as
1
2
∫
g1/2[−φ∆φ +m2φ2]d4x. (2.6)
We likewise need ∆0, the flat Laplacian
∆0 = δ
µν∂µ∂ν . (2.7)
We define
H = −∆+m2 (2.8)
H0 = −∆0 +m2 (2.9)
V = H −H0 = ∆0 −∆. (2.10)
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2.2. The Formal Field Theory.
The formal field theory may originally be presented as follows. The field φ(x) is
expanded in a weighted wavelet basis:
φ(x) =
∑
αiui(x) (2.11)
where we let ψi be an orthonormal set of real wavelets on R
4 (see [1] for definition of
wavelets)
〈ψi, ψj〉 =
∫
d4xψi(x)ψj(x) = δij (2.12)
and
ui(x) =
(
1√
H0
ψi
)
(x). (2.13)
An expectation of a function of the φ′s, p, is defined as
< p >=
[p]
[1]
(2.14)
where
[p] =
∏
i
(∫ ∞
−∞
dαi
)
e−S(α
′s) p(α′s)N (2.15)
([1] is also viewable as Z, the partition function.) N is a functional of the gravitational
field added to make the measure
∏
i
(∫ ∞
−∞
dαi
)
N (2.16)
diffeomorphism-invariant. We use the fact that the inner product
∫
φ(x)g1/2(x)φ(x)d4x (2.17)
is diffeomorphism-invariant to deduce that withN given by the highly formal determinant
N2 = Det
(〈
ui, g
1/2 uj
〉)
(2.18)
(2.16) becomes formally diffeomorphism-invariant. We note that our formal construction
of the field theory for φ can be carried out for any basis set, ui, they need not be defined
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in terms of wavelets. The somewhat mysterious factor, N , here introduced, will be later
seen to make a crucial contribution to the diffeomorphism-invariance of the well-defined
cut-off theory to be presented.
2.3. The Change of Variables (Basis).
We change variables from the αi to the set βi where
φ(x) =
∑
αiui(x) =
∑
βiwi(x). (2.19)
The wi(x) will be functionals of the gravitational field. To define these new basis functions
we first define some scattering operators. The familiar scattering operators Ω± are defined
by
ψ±(k) = Ω± eikx = eikx +
1
k2 −H0 ± iε V ψ±(k) (2.20)
or
ψ±(k) = Ω± eikx = eikx +
1
k2 −H ± iε V e
ikx. (2.21)
These operators describe scattering by the gravitational field of the scalar field φ. (It is
really the time independent scattering in a 4+1 dimensional space, with a fictitious time
variable the fifth dimension.) We instead will need the scattering operator Ω
Ω =
1
2
(Ω+ + Ω−). (2.22)
More generally we could have used
Ωc = cΩ+ + c¯Ω− . (2.23)
Ω has the property that applied to a real function it yields a real function, and this is
why we use Ω instead of Ω+ or Ω−. Ω is studied further in the next subsection.
wi is now defined as
wi(x) = (Ω ui)(x) (2.24)
so if
ui(x) =
1
(2π)2
∫
d4ku˜i(k)e
ikx (2.25)
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then
wi(x) =
1
(2π)2
∫
d4ku˜i(k)
1
2
[ψ+(k) + ψ−(k)]. (2.26)
To find an expression for the Jacobian of the coordinate change from the α’s to the
β’s, we define
vi(x) ≡
(√
H0ψi
)
(x). (2.27)
From (2.19) there follows
αi =
∑
j
βj 〈vi , wj〉 . (2.28)
The Jacobian is now given as
Det
(
∂αi
∂βj
)
= Det (〈vi , wj〉) ≡ R. (2.29)
2.4. Diffeomorphisms and Properties of Ω.
I) As already pointed out Ω is a real operator, carrying real functions into real func-
tions.
II) In the usual potential theory situation Ω+ and Ω− are partial isometries. Ω would
not be a partial isometry in the potential scattering situation. In the current
setting Ω+,Ω−, and Ω are all not partial isometries since H and H0 are hermitian
in different inner products. Ω+ and Ω− however are partial isometries viewed as
mappings from the space with one inner product to the space with the other.)
III) The Ω’s are all twisting operators between H and H0, so that
HΩ = ΩH0 (2.30)
and generally
f(H)Ω = Ωf(H0). (2.31)
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IV) We consider diffeomorphisms (or coordinate changes) that are the identity at infin-
ity. We let G be a coordinate transformation whose corresponding action on fields
is given by T G .
The action on the gravitational and scalar fields is decribed by
(T Ggµν)(x) =
∂x
′α
∂xµ
∂x
′β
∂xν
gαβ(x
′) (2.32)
(T Gφ)(x) = φ(x′). (2.33)
The operators Ω depend on the gravitational field,Ω = Ω(gµν), and we study how these
operators are changed by a coordinate transformation.
(
Ω
(
T Ggµν
)
f
)
(x) = (Ω(gµν)f) (x
′)
=
(
T G (Ω(gµν)f)
)
(x). (2.34)
The operator H of (2.8) has a similar transformation
H(T Ggµν)T G = T G H(gµν). (2.35)
Equation (2.34) follows from the fact that it holds for each of Ω+ and Ω− separately. We
look at this equation for Ω+
Ω+
(
T Ggµν
)
f = lim
t→∞ e
−itH(TGgµν)eitH0f (2.36)
= lim
t→∞ e
−itH(TGgµν)T GeitH0f (2.37)
This last equation follows since T G is the identity at infinity and eitH0f lives at infinity
as t→∞. (2.37) now becomes
T G lim
t→∞ e
−itH(gµν)eitH0f (2.38)
using (2.35). This gives equation (2.34).
One may note the argument we have just given may be replaced by the observa-
tion that a scattering solution with only outward scattered waves at infinity becomes
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a scattering solution with only outward scattered waves at infinity under a coordinate
transformation that is the identity at infinity.
2.5. The Determinant.
If we express the action S in terms of the new variables, βi, using (2.19), (2.24),
(2.6)-(2.9) and (2.31), we get
S =
1
2
∑
βiMijβj (2.39)
where
Mij =
∫
d4x(Ωψi)
√
g(Ωψj) (2.40)
We set
M = det(Mij) (2.41)
We note the dramatic fact that each element of Mij is diffeomorphism-invariant! Re-
turning to (2.15) with the change of variables from the αi to βi we see
[1] = Z ∼ 1
(M)1/2 NR (2.42)
N from (2.18) and R from (2.29) . We use ideas from [1] (equations (4.24) through
(4.37)) to find an expression for NR that is rigorously diffeomorphism-invariant. We first
make the replacement
N2 = Det(< ui,
√
guj >) ∼ Det(< ψi,√gψj >) (2.43)
The two determinants, both very formal, differ by a numerical factor, due to a change of
basis from the ui to the ψi, that is indepedent of gravitational field. We consider N
2R2
N2R2 = Det(< wi, vj >)Det(< ψi,
√
gψj >)Det(< vi, wj >). (2.44)
We define
usi =
1
H
s/2
0
ψi (2.45)
wsi = Ω u
s
i (2.46)
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So
ui = u
1
i (2.47)
ψi = u
0
i (2.48)
wi = w
1
i (2.49)
vi = u
−1
i (2.50)
We define R2(s)
R2(s) = Det(
〈
wsi , u
−s
j
〉
)Det(
〈
u−si , w
s
j
〉
) (2.51)
N2R2(0) = Det(
〈
w0i , ψj
〉
)Det(< ψi,
√
gψj >)Det(
〈
ψi, w
0
j
〉
) (2.52)
= Det(< w0i ,
√
gw0j >) (2.53)
= Det(Mij) =M
from (2.40). Then
N2R2 = N2R2(1) = N2R2(0) · R
2(1)
R2(0)
=MR
2(1)
R2(0)
. (2.54)
At this point we have for Z
Z =
R(1)
R(0)
. (2.55)
N of course was crucial in getting a diffeomorphism-invariant expression for NR(0). We
now will find an invariant expression for the remaining ratio, R(1)
R(0)
. For any matrix Dij
(near the identity) we write
Det(Dij) = e
Trℓn(Dij) = eP (Dij). (2.56)
We then have
R(1)
R(0)
= e
∫
1
0
ds d
ds
P (<ws
i
,u−s
j
>). (2.57)
We follow the development in [1].
d
ds
P (< wsi , u
−s
j >) =
d
dℓ
P (< wℓi , u
−s
j >)|ℓ=s +
d
dr
P (< wsi , u
−r
j >)|r=s. (2.58)
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We now use Det(AB) = Det(A)Det(B) in the form
P
(〈
wℓi ,
√
gw−sj
〉)
= P
(〈
wℓi , u
−s
j
〉)
+ P
(〈
usj,
√
gw−sj
〉)
(2.59)
P
(〈
wsi , u
−r
j
〉)
= P
(〈
wsi , u
−s
j
〉)
+ P
(〈
usi , u
−r
j
〉)
(2.60)
and easily evaluate the derivatives in (2.58) using (2.59)-(2.60) (and neglecting again a
gravitational field independent factor)
d
ds
P (< wsi , u
−s
j >) =
d
dℓ
P (< wℓi ,
√
gw−sj >)|ℓ=s (2.61)
or
Z = e
∫
1
0
ds d
dℓ
P (<wℓ
i
,
√
gw−s
j
>)|ℓ=s. (2.62)
Note that
〈
wℓi ,
√
gw−sj
〉
is diffeomorphism-invariant.
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3 Scalar Particle in a Yang-Mills Field
We parallel the previous section, for an n-tuple of real scalar fields coupled to a
Euclidean classical Yang-Mills field, that is asymptotically zero. (If a theory is originally
presented using complex fields it is to be rewritten using real fields.) Then Aµ is taken
as real anti-hermitian and satisfies
Aµ(x)→ 0 as x→∞. (3.1)
Gauge transformations will be restricted to satisfy the condition that at infinity they are
the identity.
∆0 = ∂µ∂u (3.2)
L = 1
2
∑
a
[
(∂µ − eAµ)φa(∂µ − eAµ)φa +m2φaφa
]
. (3.3)
The equation satisfied by φ is
m2φ− (∂µ − eAµ)(∂µ − eAµ)φ ≡ m2φ−∆φ = 0. (3.4)
Parallel to (2.15) we have
[p] =
∏
i
(∫ ∞
−∞
dαi
)
e−S(α
′s) p(α′s). (3.5)
There is no factor N here. Again
H = −∆+m2 (3.6)
H0 = −∆0 +m2 (3.7)
V = H −H0. (3.8)
Ω and the change of basis is exactly as before. (In this case Ω+ and Ω− are partial
isometries, but we never use this fact.) Exactly parallel to the dervation of (2.62)
Z = e
∫
1
0
ds d
dℓ
P(〈wa,ℓi ,wb,−sj 〉)|ℓ=s. (3.9)
Matrix columns and rows are double indexed, the pair i, a labels the wavelet and “color”
of the scalar.
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